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By V, V. Savelyev 



INTRODUCTION 



For computing the critical flutter velocity of a wing 

among the data required are the position of the line of 
centers of gravity of the wing sections along the span and 
the mass moments and radii of inertia of any section of 
the wing atout the axis passing through the center of grav- 
ity of the section. A sufficiently detailed computation 
of these magnitudes, even if the weights of all thd wing 
elements are known, requires a great deal of time expend- 
iture. Thus a rapid competent worker would reauire from 
70 to 100 hours for the preceding computations for one 
wing only, while hundreds of hours would Tie reauired if 
all the weights were included. 

With the aid of the formulas derived in the present 
paper, the preceding work can "be performed with a degree 
of accuracy sufficient for practical purposes in from one 
to two hours, the only required data heing the geometric 
dimensions of the outer wing (tapered part), the position 
of its longerons, the total weight of the outer wing, and 
the approximate weight of the longerons. 

The entire material presented in this paper is appli- 
cable mainly to wings of longeron contstruct ion of the OAHI 
type and investigations are therefore "being conducted hy 
CAHI for the derivation of formulas for the determination 
of the preceding data for wings of other types. 



♦Report Wo. 452, of the Central Aer o-Hydr odynami cal Insti- 
tute, Moscow, 1939. 
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. DBTEHMINATIOU. OF THE CEFTER-OP-&RAVI TY LINE 
OE THE SECTIONS OE THE WING- ALONG' THE SPAN 
Outer-Wing Structure (Tapered Part) 

Determ ina t io n of th e £e ntera of gravity of the sec - 
tions of the wing along the chord .- To obtain the center 
of gravity of- the sections of the tapered part of the wing 
along the chord* a large number of 2- and 3-longeron wings 
of the CAHI type were taken and each of them was divided 
into a number of segments of width A 1^ (fig. l). By 
means of a sufficiently detailed computation there was 
dete-rmined for each segment the position of the center of 
gravity along the chord. By joining all the centers of 
gravity a sompwha.t broken line was obtained which may be 
replaced by a straight line passing through the center of 
gravity of the entire outer wing. 

The chordwise position of the center of gravity may 
be determined either by computation or statistically. It 
is generally assumed that the over— all center of gravity 
of the tapered part of a win'g of longeron construction 
lies at 40. percent of the chord o-f the section passing 
through the center of gravity. The computations for a 
large number of wings did not confirm this. It was found 
that .the most- forward position of the center of gravity 
was at 41,8 percent of the chord and the rearmost position 
at 43.5 percent,- The mean position of the 'centeV of grav- 
ity 6f all the wings considered was at 43, .0 percent of 
thi3 chord. 

The percentage given the chordwise position of the 
center of gravity does not remain constant for each seg- 
ment of the wing but varies, the minimum value always 
being obtained at the sections toward the fuselage and 
the maximum value near the tip of the wing. The follow- 
ing values for the chordwise position of the center of 
gravity were obtained; At the fuselage end the minimum 
was 41,5 percent of the chord, the maximum was 42.5 
percent of the chord, and the mean value was 42,0 per- 
cent of the chord. At the tip of the wing (at the sec- 
tion 0.971 ) the minimum was 44.5 percent of the chord, 
the maximum was. 50, 9 percent of the chord, and the mean 

value wa.s 47,7 percent of the chord. : 

*In the parts of the wing considered, whatever does not 
contribute to the weight of the structure is excluded. 
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In connection with wing vitration computations the 
position of the center of gravity along the chord at the 
wing tip is of most interest. Prom the preceding data it 
is ohserved that the range of fluctuations of the position 
of the center of gravity at the tip of the wing is very 
large, amounting to 6,4 percent, and for this reason it 
is not advisable to take the average. On the other hand, 
the work of determining the position of the centers of 
gravity along the chord of the tapered wing requires a 
worked-out wing construction and consumes very much time. 
On the Tsasis of available data it was. found possible to 
give an approximate method for the rapid determination 
of the chordwise positions of the centers of gravity of 
the wing sections. 

Approximate method of rapid determination of the 
chordwise positions of the centers of gravity of the sec- 
tions of an outer wing .- The mpthod consists of the follow- 
ing: Knowing the geometric dimensions of the wing, the 
section of the, plane in which lies the center of gravity 
of the entire wing is determined "by the formula 





+ 2 



g. 0 



+ 1 



(1) 



wher e 



l, = I - All reduced length of the outer wing (fig. l) 



Al length of the rejected tip of the wing when 

the area of the wing is reduced to an 
equivalent trapezoid 



length of the outer wing 



n. 



is determined from figure 2 as a function of 




wher e 



Cj and hj 



chord and thickness at the wide end 



c. and h- 

0 0 
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By laying off a length 6f 43 percent of th6 chord along 
the chord from the leading' edge , tlie "center of gravity of 
the' entire outer wing (mean -stati stical position) is. 
ohtained. The line of the centers of gravity of the sec- 
tions should he drawn with a certain inclination through 
the center of gravity just obtained. To draw this line 
the position of the center of gravity at the large end of 
the outer wing is determined. The latter position is 
given hy 

^"^1 100 =; 43.0 - 0.25 l„ „ ^ (2) 

where I , determined "by formula (l), is expressed 

c . g • o 

in meters. 

Assuming that Iq _ g_ q 3.0 meters, the center of 
gravity of the v;ing at the large end will lie at 42.25 
percent of the chord and the second point is o"btained. 
Joining this point with the center of gravity of the entire 
outer wing and prolonging It to the end of the vring, the 
line on which the centers of gravity of all the sections 
should lie is o"btained. It should "be noted that this de- 
termination of the center of gravity is correct only for 
the case where the axis or each longeron is located at 
the same percent of the chord along the entire length of 
the taper, the fitst longeron lying at 14 to 17 percent 
from the leading edge and the second at 45 to 50 percent. 

Eor a more accurate determination of the position 
of the center-of-gravity line of the sections along the 
span, it is necessary to knov; the position of the center- 
of-gravity line of the wing without the longerons, the 
weight of the longerons, and their location. 

Position of the line of centers of gravity of the 
sections of the ^ving without longerons In determining 
the center-of-gravity line of the wing without the lon- 
gerons, a number of points are obtained through which a 
straight line may be drawn, the scatter of the points 
being small. To draw this line for any v;ing it is 
necessary to know the position of the center of gravity 
at the fuselage end and at the tip. It is not necessary 
to make any computations but to make use of statistical 
data according to-which the center of gravity at the 
fuselage end lies approximately at 46.5 percent of the 
chord and the position of the center of gravity of the 
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tip (at the distance l^, fig. i) is determined from the 
curve show-n in. figure 3, Plotting these two points on 
the wing at the corresponding sections and joining hy a 
straight line, the center of gravity line for the \tfing 
without longerons is obtained. 

The greatest deviation of the true position of the 
centers of gravity from the previously mentioned straight 
line will occur at the sections near the fuselage end 
where the centers of gravity generally lie nearer the 
leading edge; hut since the rest of the line passes more 
nearly through the remaining centers of gravity than any 
othor straight line, a detailed computation of the centers 
of gravity of the sections is not renuired. 

« 

More accurate determination of the chordwise position 
of the centers of gravity of the wing sections .- Since the 
curve of the spanwise weight di strihution of tho wing, the 
weight of the longerons, the position of the centers -of- 
gravity line v/ithout the longerons, and the position of 
the longerons is known, the position of the center of 
gravity of any section of the wing may be determined. 

Another manner, however, also may he used. Having 

determined according to tho previously described method 

the line of centers of gravity of the outer wing without 

longerons and knowing the location of the longerons and 

their weight, the center of gravity of the entire »uter 

wing without longerons is determined; assuming that the 

center of gravity of the outer wing and longerons lies 

at the distance I from the fuselage end of the 

c . g . 0 ^ 

vring ( cauation (l )) and then making use of equation (2), 

the center of gravity at the fuselage end is determined. 

Then joining these two points "by a straight line and 

prolonging to the tip of the wing, the chordwise position 

of the center of gravity of the wing sections is obtained. 

From statistical data on tapered wings of longeron and 

metal skin construction it is found that if the total 

weight of the wing without the weights of the joints to 

the center wing is taken as 100 percent, the first longeron 

will constitute about 16 percent, the second longeron about 

15 percent, and the remainder about 69 percent. 

Oenter-Wing Structure 

Tho center wing, in addition to the air load, must 
support the attached loads (engines) and various loads 
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disposed within it (fuel t ahks , - et c . ) . The mounting 
of these loads makes local re-enforcing of the center 
wing necessary and therefore the line joining the centers 
of gravity of the sections of the center-wing structure 
is not alv/ays straight but . i s usually'a "broken line so 
that a sufficiently accurate method for determining this 
line cin not he given. Approximately the line may he 
determined hy the formula 

I = _£ _c (3) 

c. g. c 3 ng + 1 



wh ere 



length of the part of the center wing projecting 
from the fuselage 



"° - Th~ 



where 



Cg and hg chord and thickne-^s at the intersection of 
the center wing with the fuselage 

c^ and h^ corresponding values at the juncture with 
the outer ving 

The mean chordwise position of the center of gravity 

for a large numher of planes was 39 percent of the chord. 

Laying off this value at distance 1^ o- ^ from the 

c . g . c 

root of the wing, the center of gravity of the part of 
the center wing projecting from the fuselage is obtained. 

It was found for all of the center-wing sections 
investigated that the center of gravity of the center- 
wing section adjacent to the outer wing agreed almost 
exactly with the position of the center of gravity of 
the section of the outer xving adjacent to the center 
wing. Kence by joining with a straight line the center 
of gravity at the juncture end of the outer wing with 
the center of gravity of the part of the center v/ing 
projecting from the fuselage and prolonging the line to 
the root of the center wing, ap nr oximat ely the center- 
of-gravity line of the center-wing structure is obtained. 
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. DBEIVaTIOH OP lOfiMULAS ..FOR THE DETSIHMINATION . • 
^„ „ .. JXF. JE&S .-JIAS>S«»l^.QMB-HJi-S~ - AlTD H-AD-I-I—OF- - 1 H-SRT I A 

OF THE 0UIER-17IHG SECTI QNS ' 4B0UT LtHEIR ' CBHTBRS 01' GRAVITY 

■ • * \ ' 

The usual method of determining the moments qf inertia 
of the xvxng sections is that of. considering in sucoesaio.n 
all the „e.l,§iae.n-t s e,nte,ring 'the given segnjeiit, determiniag'; 
the .inomerit ..of"" inert ia .of .each .element, and ladding the mo- 
ments. This 'method req^uires a knowled;ge of the wi,ng 
structure so tliat the weigiit of .all the , el-ement s entering 
the gi'ven segment and 'their, distances from their centers 
of gravity to. the chosen axis could ho determined. Such 
method of determining the mass moments of, inertia of the 
win? sections requires much time, expenditure and can not 
be applied when the rough design of the airplane is known 
with only the ove r— all di men si on s of the wings and the 
st.atistical weight of the center-xving and outer-wing 
structures^ Since a knowledge of the moments of inertia 
along tho wing is essential for determining the critical 
flutter velocity, various sim.plifying methods are used. 
Thu inve stig -.ti on of this problem has shown that a knowl- 
edge of the weight of t-he wing (of the center and outer 
pirts separet ely X .^nd it.s geometric dimensions .and the 
position of th.e longerons is sufficient for determining 
with a satisfactory, degree of accuracy the moments and the 
radii of inertia of the wing sections. 

Derivation of formulas for -The Determination of The Moments 

of Ine'rtia about Their Centers of Gravity of The Sections 

o.f. The Outer Wing 

Since the total weight of the structure of the outer 
wing and its geometric dimensions is 'known, a curve of the 
weight distribution along the span* can be drawn (fig. l). 
From this curve the weight of a segment of the wing of 
v/idth \^ at any point can be determined. 

It should be- -rs-aember-e'd '-tha-t- the curve- -of - spanxvri se 
weight distribution of the outer wing assumes not a 

*'See author's pap'ex "Span D i st r i.but i on of The ^''eight of 
The Wing Structure," Techn^ika Vo.zdushnogo Flota Ko- 1, 
1938, or OAHI .Report JTo. 381, under "the same title. 
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concentrated weight of the riTDS tut a uniform di stritsut i on 
along the span so that the xveight of each rit is uniformly 
distrilsuted to the right and left over a width equal to 
half the distance between rilis. If the iielght of the outer- 
wing structure was uniformlj- distrihuted along the chord, 
no difficulty would he encountered in determining the mo- 
ment of inertia of any segment of the outer v/ing. Actuall3'-, 
however, there is no element in .the outer wing the weight 
of "which is uniformly distributed along the entire chord 
for even a dural skin may have various thicknesses over the 
profile. The thickness of the stringers may, in genCT.ol, 
vary along the wing, and the rih structure is such that its 
weight is nonuni f ormly distributed along its length. The 
longeron's, for the purpose of determining the moments of 
inertia-of th'e wing sections along the y-axis, are con- 
aiderod as concentrated loads. 

From an examination of a large number of outer-v;ing 
structures it was found thrt the first longeron as a rule 
lay along the entire span at a distance from the line of 
centers of gravity approximately equal to the magnitude 
of the radius of inertia (fig. 4) and therefore in com- 
puting the moments of inertia of the'-various segments of 
the outer wing, its' weight may be taken as distributed 
proportionally to the remaining weights. The second 
longeron was found to lie at a distance not exceeding IS 
porcent of the chord from the line of centers of gravity 
(fig. 4) and therefore xias of slight effect on the magni- 
tude of the moment of inertia. 



Taking account of what was s-id previously, the follow- 
ing formula for the determination of the moment of inertia 
at any section of the outer wing. (fig. 5) may be .^^'ritten. 



where 



(4) 



coefficient that takes into account the nonuniform 
chordwise distribution of th>e weight of 'sucji 
, elements as the stringers, ribs, various Joints, 
nonuniform thickness of the skin over the pro- 
file contour, and so forth, and "also the effect 
of the moment 'of "inertia "of the second longe'ron 
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g acceleration of gravity, eq^ual to 9.81 

kg coefficient that takes into account the change in 

the magnitude of the moment of inertia of the 
x^ing without longerons owing to the displacement 
of the centers of gravity of the sections at 
"both Bides from the center of the profile 

vreight of a given segment without the second 
1 onger on 

Aq weight of the first longeron at a given segment 

*n 

Cjj outer wing chord of the segment considered 

distance between the line of centers of gravity of 
the segments of the wing with longerons and with- 
;-ut them at the given section in percent of the 
chord 

'Zmz^ moment of inertia of a given segment taking into 
^ ^n account its height. 

From the Toolynomial in the "brackets ( formula (4)) the common 
a' 

factor -1^! a is taken out -.nd the coefficients defined 

12 

-S = k,-ili a 



12 ^" 12 



whence 



= -li- S _(5) 



In 



q-n°*n 



(q^-Aq )(A^cJ- = k, 

n 1 id 



q. 



k4 = 13 ' ^ ^ AS 



■ n 
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whence 



k, = \2l^\k,. (6) 
12 * 12 ' 



vhence 



or 



^5 = 



n 



*B = 1-As. (7) 
The obtained coefficients are substituted in equation (4) 



^Pcg. = {{k, + 12 - 1) A3 + 1] + 
There is set 

A,{(*, + 12A*„-l)A3 + l]=ft. (8) 

Substituting the new notation in the preceding equation, 
there is obtained 

//'^g=(l + AA)A^. (10) 

For the outer wings considered 

(1+AA)A=1, (11) 

whence 

'h^'"-^- (12) 
Determination of Pn*" ■^^-I'^c^ly from figure 5 .there 
is obtained 

where 

•1 

or 

^K = Hi,-(H.,-H,.)-77- (14) 

The values q and ^q-rr are substituted in equation (13) 

^ ^n 

= fl'o + f?! - ^'o - (^1 — 9o) — A^ii. + (A^„. — A?,^, ) , 

whence 

1n = 1x- ^^11, — — ?o) — (A^,,. — A^„^ )] . (15) 

The magnitudes q^ , q , ^Itt • and AqTj entering 

1 o 
equation (15) are expressed in terms of n^ and q 



m 



whence 
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= (16) 



(17) 



There is set 



(18) 
(19) 



The expressions (16), (17), (l8), ind (19) are substituted 
In (15). 

12«4. - «... («* + - P«* 2 + 1)1 X ,20^ 
^^7+1 V ^ ^ 

Determination of a.- and a-- . 

1 o 



_ [ (H..+^^'?».)A ..^^^^ j 100 = ^""-|/">^'''^^^ 100==-^+-"". 100, 

vhenee 

where bjj is the weight of the second longeron without 

the Joints to the center wing in percent of weight of the 
out*r wing. 

" A^u.+ '^'^i.. (an.+ an.)'?^ «... 

1 *ii 1 ^ , 1 

''ii. =T^^"> ''u + ^u, ^ii) = "Too" ^" ~ 2" +T 

10000 ' ' 
where c^^ is the unit weight of the second longeron at 

the tip of the outer wing In percent of the mean unit 
weight of the longeron. 
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The value of according to avera.ffe sta. t i s t ical 

d ata .— Prom statistical data the weight of the second 

longeron without the joints constitutes atout 15 percent 
of the weight of the entire outer wing. It may be assumed 
that the weight of the second longeron along the span is 
distributed according to the triangle law whence there is 
obtained 

a^, = 0 (33) 

a = 2_><_I& = 0.30 (24) 
IIj 100 ^ ^ 

By substituting these values in formula (30 ) i there is 
obtained 7 
Cl.7n^~0,3] - [1.7n^-2.3]-^JJ 

In = ■ ^ra (25) 

n . + 1 
$ 

Determination of The Coefficients 

Determina.t l^n ,of .the..,.qoe.f.f i ci ent s Ak.- 3y formula 

(g) there is obtained 

Zmz 

Ak = : k-B-il- (26 ) 

where 

Emz^ moment of inertia of a segment of wi-l.th Al^ 
taking account of its height 

q G ^ 

]c_n__£_ area moment at the given section of the wing 
12g along the chord 

The computation of the moments of inertia wivh respect to 
the height of the wing section for a large number of wings 
showed that for any segment the moment of inertia can 
with sufficient accuracy bo determined by the formula 

-Spz^ = 2xih:al (27) 
9 



where 

p^ weif!;ht of the segment 



h^ maximum height of profile in the plane of the center 
of gravity of the segment 
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If at each section of the wing k- "°° ig taken as 

12g 

unity, the moment of inertia with respect to the height 
of the profile at each section may he expressed as a frac- 
tion of unity and will correspond to the coefficient Ak, 
Figure 6 shows the variation in the coefficient Ak along 
the span of two outer wings -- the lower curve for an air- 
plane of about five tons weight, the upper curve for an 
airplane of ahout twelve tons weight « and between them 
the curve of the mean value of Ak which should he used 
in the computation. The value of Ak does not depend on 
the weight of the airplane hut only on the value of hj^ 

expressed as a fraction of the length of the chord c^* 

Ak = ^qn + ^qil nK" . ^fqnfn' ^ 1. A ^ Mii. yM^ 
9g 13g 3k ^ qn A^^/ 

The mean value of the coefficient Ak for the entire outer 
wing may he taken equal to 

Akjj, =' 0.0?0 (28) 

D eterm iii at i on of t he .coeff icien t k,— From formula 

(11) there is obtained 

k = i (39) 

1 + Ak 

Substituting for Ak its mean value » there is obtained 

kp, = 0.970 (30) 

Determination of the coefficient k .— The variation 
* 

in the value of the coefficient k^ along the outer wing 
is shown in figure 7 where four curves are given. Prom 
statistical data the center of gravity of the section of 
the outer wing without longerons at the large end lies at 
46,5 percent of the chord and the center of gravity of 
tho wing without longerons at the section lying at distance 
from the large end lies at 50 to 54- percent of the 

chord. Hence all the four curves shown on figure 7 start 
from one point and diverge somewhat at the tip of the wing, 
Tho numbers on figure 7 Indicate the percent corresponding 
to each curve. The moan value of this coefficient for the 
entire outer wing may bo taken equal to 



k,„ = 0,994 
sm 



(31) 
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Determination of the coefficient kg.- According to 
formula (5) , it naj "be written 

= (32) 

In analogy with formulas (14), (18), and (19) there is' 
o'btained 



whence there is obtained 



In analogy with formulas (si) and (22) it is written 



10000 ' 

2b, 



~ 100 



• Or 



(33) 

(34) 
(35) 



where 

T)^ weight of first longeron without the Joints to 
center wing 

Ox unit weight of first longeron at the tip in percent 
of mean unit weight of the longeron 
The weight of first longeron without the joints, 
according to the wings observed, constituted ahout 16 
percent of the weight of the entire outer wing. By 
aesuming that the di strihut 1 oh of its weight along the 
wing .follows the triangle law., there is obtained 
... ' .a,=0; . 



a, = 0,32, 



whence 



,0,32 — 0,32 



,32^] 



(36) 
(37) 

(38) 



By making use of equation (25), there is .obtained 



0,32-0,32-^ 

'■x 



[1,70/1^ -0,30] -[1,70/1^ — 2,30] 

C 



= 1 



(39) 
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TABLE I 



= 4) 



^n 
K 


Bin 
\ 


A-B_S: 


0.32-Ji 


C 


C 

A-Bin 

''1 


^3 ■ 


0 


0 


6.50 


0 


1 . 600 


0.24 6 


0. 754 


.8 


.90 


5.60 


.064 


1 .28 0 


. 228 


.772 




1.80 


4 .70 


.128 


.960 


.204 


.796 


.6 


2.70 


3.80 


.192 


.640 


.169 


.831 


.8 


3 . 60 


2.90 


. 256 


.320 


.114 


.886 


1.0 


4 .50 


2.00 


.320 


0 


0 


1.000 



]?rojn toTsle I there is o^btained the mean value 
kg = 0.84 0. 



TABLE TI 



(n^ = 10) 



h 


B-^ 


A-B-2^ 


0.32— 


1 

0 


C 

V ■ 

A-B-ii 

li 


^3 




n — 


16 .70 


0 


3 . 520 


0.211 


0.789 


.2 


2.94 


13 , 67 


.064 


2 .820 


. 205 


.795 


.4 


5.88 


10.82 


.128 


2.110 


.195 


.805 


.6 


3.82 


7.88 


.192 


. 1.410 


.179 


.821 


,8 


11.75 


4 .94 


.256 


.705 


■ .143 


.857 


1.0 


14.70 


2.00 


.320 


0 


0 


1 .000 



From talDle II there is' ohtained the mean value 
k, = 0.844. 

» 

The mean value of n^ for all the wings considered 
is about seven, and therefore for the mean value of the 
coefficient k„ there is oTstained the value 

^3m = 0-842 * (40) 

The variation in the mean value of the coefficient k^ 
along the span of the outer v/ing is shown in figure 8. 



16 ■■^TAO^ Technical Memorandum No. 1052^ 

ietermination of Aj^.- The distance "between the 

cent er-of— gravity lines of the wing with ^nd without 
longerons, expressed in fractions of the chord, is not 
constant along the span hut fluctuates hetv/een 0.03 and 
0.07, and therefore for the entire outer v;ing may he 
taken as 

An = 0.050 (41) 

whence there is obtained 

12Aj^® = 0.030 (42) 

Determination of the coefficient • - From formula 
(8) there is obtained 

k, = (43) 

(kg + 12An - Dkj + 1 

3y suh st i tut ing in this formula the corresponding 
mean values of the coefficients determined previously, 
equations (30), (3l), (40), and (42), there is obtained 

jj. 0.970 ■ 

^'^ ~ [0.994 + 0.030 - L] 0.842 + 1 

whence 

k^jjj S 0.950 (44) 

The variation in the mean value of kj along the 
span is shown in figure 9. 

Derivation of Formulas for The Determination 
of The Radius of Inertia of any Outer-Wing Section 
about Its Center of G-ravity 



, (1 + Ak) k"^^" f7^ "TT a c ^ 

ig = / 12g = / ( 1 + Ak ) k '^n°n 

In + -^^11^ J 12 + Aq„ 

— ik n 

g 
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wnence 



i-- • ='0.'288cn /(I + Ak) k • J'^^ 



(45) 



For the wings considered 

(I + Ak)k =■ 1 

hence 



ic.g. = 0.288c^ 



■■n 



n 



(46) 



for 

n^ = 7.0 (mean statistical value) 
■fajj ■= 15.0 percent 

°II = 0 

there is obtained 

I I 
[l.7n^ - 0.3] ~ Cl.7n^ ~ 2.3]_S. 11.6 - 9.6^ 

^n ~ r, _ 4. 1 1m - 8 0 



Aq 



II. 



0.3 - 0.3-a 

^1 , 



>m 



TABLE III 



I 

n 


I 

9.6-2^ 
^1 




I 

0.3_a 






1 










OLm 


Cn 


0 


0 


1 .450 


0 


0.300 


1 .750 


0.262 


.2 


1.92 


1 .210 


.060 


. 240 


1 .450 


.263 


.4. 


3.84 


.970 


.120 


.180 


1 .150 


.265 


.6 


5 .76 


.730 


.180 


.120 


.850 


.267 


,8 


7 .68 


.490 


.240 


. 060 


.550 


.273 


.9 


8.64 


.370 


.270 


.030 


.400 


.278 


1.0 


9.60 


.250 


.300 


0 


.250 


.288 



1 

The values of P^-J^ r obtained in this table are plotted 
in figure 15. 



'n 
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COMPARISON or EBSULTS_OBTAIFED BY DETAILED OOMPUTATIOH 
Vi4e TE0S3 OBTAINED BY THE DERI VED ■'FORMULAS 
Mass Moment of Inertia of The Outer-Wing Structure 
ahout The Cent er- of-Gravity Line 

By using the detailed -method of computation of the 
mass moments of inertia of the various segments of the 
outer wing, the "broken line show'n in figure 10 is obtained. 
For each wing the hroken line was replaced hy a smooth 
curve ohtained from the condition that the area hounded 
by this curve and tv/o ordinates should he equal to the sum 
of the areas of the columns under the hraken line. 

For all wings for which the mass moments of inertia 

were computed in detail from the geometric dimensions 
and total weight of each outer wing, there were determined 
the values n^, , and = P/lj where P did not 

include the. vreight of the joints. Eleven sections were 
taken for each out e.r iwing and i.n each o-f the sections, hy 
making use ,of formula (12),. the moment of inertia was 
determined and the curves shown in figures 11, 12, 13, and 
14 were obtained. 

From these curves it is seen (figs. 12_ and 13) that 
for the fuselage end of the outer wing there is consid- 
erable disagreement between the curves of true moments of 
inertia and the curve computed by the formula. Remembering, 
ho\^ever, that the disagreement in the moments of inertia 
at the sections n'e.ar the fuselage is of no special signif- 
icance for the vi'bration comput -^t i o'h , it must be concluded 
that the derive.d. f crinula for determining the moment of 
inertia at' any sectipn of the outer wing give-s. good agree~ 
ment with accurate computation, a fact, of gr.eat^ importance 
since the moment of Inertia of. any section of the outer 
^l^ing can be_ determined from a knowledge of only its geo- 
metric dimensions, .total weight, and the v;eight of the 
second longeron. . • , • 

Radius of Inertia 

The wavy curves of figure 15 are those of the radii 
of inertia of the four outer wings considered, the curves 
hr-iving been obtained by a detailed computation. Notwith- 



I 
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standing the fact that the wings considered differed 

sharply among each other toth as regards their ahsolute 
dimensions as well as their taper ratio n^ with a 

somewhat different chordwise position of the longerons 
(the center of gravity of the longerons lay at from 
32 to 36 percent of the chord), the scatter of the 
points of these curves is not large and they can all 
he replaced hy the smooth curve shown in the figure, 
the curve "being drawn from the data of tahle III, 



ILLUSa?EATIVB BXAMPLB 



The formulas derived previously are valid only for 

tv/o and three longeron wings of the CAHI type, the posi- 
tion of the longerons and the lines of center of gravity 
not differing greatly from the position of the longerons 
shown in figure 4 (the third longeron shown in the figure 
constitutes only 2 percent of the veight of the outer 
wing and is not a stiffening memher). 

The formulas for determining the mass moments and 
radii of inertia were derived for a cantilever wing 
the thickness of which at the fuselage end was about 
15 to 16 percent of the chord and at the tip ahout 5 
to 7 per cent , 

By assuming the two-longeron wing shown in figure 
16, the .data for it heing the following: 

chord and thickness of center wing 
at fuselage intersection 

length of center wing projecting 
from fuselage 

chord and thickness at juncture of 
outer wing with center wing 

effective chord and thickness at tip 
of outer wing at distance from 

•large end (fig. 16) 
= I ~ Alj^ = 8,85 meters effective length of outer wing 



Os = 4.43 meters-"!^ 
ha = 0.656 meter-^ 
l.g = 2,35 meters 



c^ = 4.10 meters'^i^ 

hj^ = 0.656 meter-/ 

Cq = 1.40 meters-"! 

hjj = 0.112 meter-/ 
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I length of outer wing from large end to tip 

Al'^' rejected length of tip of wing in reducing area of 
outer vfing'to an equivalent trapezoid 

G = 363 kilograms weight of outer v/ing structure including 

•""-■■'aileron^, holts, and fillets 

B et erminati oh - of The Cent er-of- Gravity Line 

along The Span • - 

O'u t e r~Vi n g s t rxi c t ur e . - " ? o r det erm'iJiing the center-of- 
gravity line of the outer wing in the preliminary design 
stage when the weight of the longerons i's not knowii, the 
approximate method previously given is used 

c,h, 4.10 X 6. 556 
no = -M- f= , , = 17.1 



Cgho 1.40 X C.112 



"From the curve of figure 2 it is found that n^ = 8; 
hence the distance to the center of gravity of the entire 
outer wing (eo.uation (l)) is. 

In, +28.8510 

'^^ a. - -IT — '-T - —ir^ — = 3.28 meters 

P«g«o 3n^ + l 3 9 

From- statistical data the o'enter of gravity of the outer 
v/ing lies at ,43,0 percent of the chord at distance c . g . o ' 
The center of gravity at the Juncture with the center wing 
is 43.0 - 0.25 X 3.28 = 42.2 percent. By joining the 
preceding tv7o points by a straight line and prolonging it 
to the tip of the wing, the line. of centers of gravity of 
the outer wing a,long'the' span is ohtained'. I"f ■ t-he weights 
of the -longerons are known, the c ent er- o f- gravi t y lin-e. can 
he more accurately determined by the method previously 
given. 

Center wjng .- From statistical data the center of 

gravity of the part' of the center wing projecting from 

the fuselage lies at 39 percent of the chord, the distance 

of which from the root of the center wing is I. „ „. To 

c . g . c 

determine I ^ by formula (3V'it is necessary first 
c . g.. u 

to determine 
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c h 4.43 X 0.655 

- = -^-S. = ^ 

. .9ihi.. ._4..10 X 0.656 

and then 

I n +2 '2.35 3 -.08 
I " _£ _c = X 

3 + 1 3 2.08 

By joining the center of gravity of the outer wing at the 
fuselage end with the general center of gravity of the part 
of the center wing projecting from the fuselage hy a straight 
line and prolonging it to the fuselage, the line of centers 
of gravity of the sections of the center wing along the span 
is obtained. This line dees not take into account the 
weight of the joints at the intersection of the outer wing 
with the center wing. 



= 1.08 



= 1.16 meters 



Determination of The Mass Moment of Inertia 



of Outer-Wing Sections ahout Their Centers of Gravity 

At the preliminary design stage when the weight of 
the second Icngeron is not known, the mass moment of iner- 
tia of any section of the outer wing may he determined hy 
the formula 

c » g » 

where 



weight of a given segment without the second longeron 

Cj^ length of chord of segment in meters 

For the two-longeron wing considered in the example, 
may he determined by the formula 

i:i.7n^ - 0.3] - [l.-7n^ - 2.33!^ 
'In = + 1 ^» 

This value wis obtained on the assumption that the weight 

of the second longeron without the joints to the center 
wing on bhe basis of statistical data on two-longeron 
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wings constitutes .on the average 15 percent of the weight 
of the outer wing" and that its weight was di strituted along 
the span according to the triangle law. - 

In the case where the weight of the second longeron 
differs considera"bly from 15 percent and' the spanwise 
v'eight distrihution can not "be assumed to follow the tri- 
angle law, the value of is determined by formula (20) 

or graphically. _ . 

distance from juncture end of outer wing to the 
section considered 



_ & - P, 



^m = I 



1 



Pi weight of attachments of outer wing to center wing 
The value of c[m may he dotormined hy the formula 

^m -• I, 

Tha factor 0.95 takes into account the concentrated 
weight of the attachments at the flanges of the longerons 
plus the weight of the holts and fillets and was obtained 
from statistica-1 'data' on outer wings of longeron construc- 
tion with a stressed skin. The main attachment of the 
outer wing with the center wing is along the contour of 
the skin in which case the skin is generally strengthened 
at the junction and the distribution of the weight of the 
outer wing structure along the span is of the type shown 
in figure 17 where tho hatched part represents the weight 
of thcj additional strengthening structures at the juncture 
vrith the center wing. In this case the attachment of the 
outer wing with the center wing takes place along the 
flanges of the longerons, therefore 



a_ = 0-95^x^363,0 s 39.0, = 8 



■m 



8.85 



whence 



^n = 



I 

13.3 - 11.3 

4 J 



4 .33 = 4,33 



I, 
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The comT)utation of I Is conveniently conducted 

"by making use of the following talsle: 



^n 
li 


''X 


In 


°n 


■^c.g. 


In 


=^ 


<ln 


«^n 


.g. 


0 


0 


57 .60 


4.10 


8 .20 


0.6 


6.78 


28.20 


2.48 


1 .48 


.1 


1 .13 


52.60 


3 .81 


6.48 


.7 


7.91 


23 .30 


2.20 


.96 


.2 


2.26 


47.80 


3 .56 


5.12 


:8 


9.04 


18.40 


1 .94 


.59 


.3 


3.39 


42.90 


3.30 


3 .96 


.9 


10.17 


13 .60 


1.66 


.3-2 


.4 


4 .52 


37 .90 


3 .02 


2.94 


1.0 


11 .30 


8 .56 


1 .40 


,14 


.5 


5.65 


33 .10 


2.75 


2.05 













The results are plotted and a curve of the mass moments 
of inertia along the span is obtained. 



Determination of The Radii of Inertia of The Outer Wing 

If the value of n^ is near seven and the weight of 

the second longeron is near 15 percent of the weight of 
the outer wing and its weight di st rihut i on may be assumed 
to follov; the triangle law, the radius of inertia of the 
cross sections of the outer wing structure is determined 
from figure 18. In this example all the preceding con- 
ditions are satisfied and therefore the curve of the radii 
of inertia for the outer wing corresponds to the curve 
shown on figure 18. If this is not the case, the radii 
of inertia would have to he determined hy the formula 



^c.g. = 0.288c^ 



■■n 



(46) 



Ai'h ere 



Aq 



II, 



weight of second longeron at section considered 



Aei 



II 



n 



*TI 



'IT. 



- a ) 1^ 



(47) 



The values of the remaining magnitudes are given hy 
formulas (20), (21), and (2S). 



Translation hy S. Reiss, 
National Advisory Committee 
for Aeronautics. 
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Figs. 12,13,14 
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